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PRIMITIVITY PRESERVING ENDOMORPHISMS OF FREE GROUPS
Donghi Lee
Abstract. An endomorphism φ of a free group is called primitivity preserving if φ takes every primitive
element to another primitive. In this paper we prove that every primitivity preserving endomorphism
of a free group of a finite rank n ≥ 3 is an automorphism.
1. Introduction
Let φ be an endomorphism of a free group. Following [2] we call φ a primitivity preserving
endomorphism if φ takes every primitive element to another primitive.
Let Fn be the free group of a finite rank n on the set X = {x1, . . . , xn}. In [1, 5], Shpilrain asked
whether every primitivity preserving endomorphism φ of Fn is actually an automorphism, and this
problem was solved in the affirmative for n = 2 by Ivanov [2] and Shpilrain [6]. Ivanov [2] also
proved that the answer is positive for an arbitrary rank n ≥ 3 under the additional assumption
that φ(Fn) contains a primitive pair (i.e., a pair ψ(x1), ψ(x2) for some ψ ∈ AutFn). The purpose
of this paper is to present a positive solution to this problem for rank n ≥ 3 without Ivanov’s extra
assumption:
Theorem. Let Fn be the free group of rank n ≥ 3 on the set X = {x1, . . . , xn} and φ a primitivity
preserving endomorphism of Fn. Then φ is an automorphism of Fn.
The proof of the Theorem is developed in a series of several steps. In Steps A–C, the following
result of McCool [4] (also see [3]) plays a crucial role:
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Lemma [4]. Let Fn be a free group of a finite rank n and ψ ∈ AutFn, and let U ∈ Fn be such that
‖ψ(U)‖ < ‖U‖. Then there exist Whitehead automorphisms α1, . . . , αr of Fn such that ψ = αr · · ·α1
with ‖αi · · ·α1(U)‖ < ‖U‖ for 1 ≤ i ≤ r.
Here, by ‖X‖ we mean the length of a reduced word equal in Fn to X which is denoted by X ,
whereas |X| denotes the length of X (e.g., ‖x1x
−1
1 ‖ = 0 and |x1x
−1
1 | = 2). Recall that a Whitehead
automorphism ω of Fn is an automorphism of one of the following two types (see [2, 7]):
(W1) ω permutes elements in X±1.
(W2) ω is defined by a set S ⊂ X±1 and a letter a ∈ X±1 with a ∈ S and a−1 /∈ S in such a way
that if x ∈ X±1 then (a) ω(x) = x provided x = a±1; (b) ω(x) = xa provided x 6= a, x ∈ S
and x−1 /∈ S; (c) ω(x) = a−1xa provided both x, x−1 ∈ S; (d) ω(x) = x provided both
x, x−1 /∈ S.
If ω is of type (W2), then we write ω = ω(S, a). It is obvious that α1 in the statement of the
lemma above is of type (W2).
Combining the conclusions of Steps A–C enables us to immediately obtain the conclusion of
Step D.
In Steps E–F, we use, as our main tool, the Whitehead graphs Φ(Y ) and Φxi(Y ) of a reduced
non-cyclic word Y ∈ Fn. The standard Whitehead graph Φ(Y ) is constructed as follows: Take
the vertex set as Y±1 = {letters occurring in Y }±1, and connect two vertices a, b ∈ Y±1 by a
non-oriented edge if there is a subword ab−1 or ba−1 of (non-cyclic) Y . We let C(a, Y ) denote the
connected component of Φ(Y ) containing a vertex a ∈ Φ(Y ).
In a similar way, we construct the graph Φxi(Y ), introduced by Ivanov [2], paying special at-
tention to powers of xi in Y as follows: Take the vertex set as Y
±1 \ {x±1i }, and connect two
distinct vertices a, b ∈ Y±1 \ {x±1i } by a non-oriented edge if (non-cyclic) Y contains a subword of
the form axℓib
−1 or bxℓia
−1 for some ℓ. We will refer to this graph as the generalized Whitehead
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graph of (Y, xi). By Cxi(a, Y ) we denote the connected component of Φxi(Y ) containing a vertex
a ∈ Φxi(Y ).
The idea and the techniques used in [2] are developed further in the present paper.
2. Proof of the Theorem
Thanks to Ivanov’s result, it suffices to show that 〈φ(x1), φ(x2)〉 is a free factor of rank 2 of Fn.
Since φ(x1) is primitive in Fn, we can assume φ(x1) = x1. Consider the elements φ(x2), φ(x3). Let
us defineW as a word in Fn that has the minimum length over all words of the form P1 α
(
φ(x2)
)
P2,
where P1, P2 ∈ 〈x1〉, α ∈ AutFn and α(x1) = x1. We may assume that φ(x3) has the minimum
length over all words of the form
(1) Q1 β
(
φ(x3)
)
Q2,
where Q1, Q2 ∈ 〈x1〉, β ∈ AutFn, β(x1) = x1, and, for some S1, S2 ∈ 〈x1〉, ‖S1β(W )S2‖ = |W |.
Let γ ∈ AutFn be used in assuming φ(x3) in (1). For such γ, there exist T1, T2 ∈ 〈x1〉 such
that ‖T1γ(W )T2‖ = |W |. By writing X ≡ Y we mean the graphical equality (letter-by-letter) of
words X, Y ∈ Fn (whereas X = Y means the equality of X, Y in Fn). We then may assume that
φ(x2) ≡ T1γ(W )T2. Now put
U ≡ φ(x2) and V ≡ φ(x3).
If |U | = 1, then the assertion is obvious. Supposing |U | > 1, we shall derive a contradiction.
If |V | = 1, then a contradiction follows immediately; for if |V | = 1 then 〈V = φ(x3), x1 = φ(x1)〉
would be a free factor of rank 2 of Fn, hence by Ivanov’s result, φ would be an automorphism, but
then |U | would have to be 1. So let |V | > 1.
Similar arguments to those in [2, Lemmas 1–3] show the existence of the Whitehead automor-
phisms γ1 = γ1(R1, x
−1
1 ), γ2 = γ2(R2, x
−1
1 ) such that
(2) γ1(U) = Ux
−1
1 and γ2(U) = x1U.
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This, in particular, implies that U is a cyclically reduced word; for otherwise the last letter of γ1(U)
being x−11 would force the first letter of γ1(U) to be x1, contrary to γ1(U) = Ux
−1
1 . So the word
W1 ≡ (Ux
r
1)
sU3xr1V x
r
1U
−3(x−r1 U)
s
which we consider in Step A is reduced.
For y ∈ X±1, τy denotes the inner automorphism of Fn induced by y, i.e., τy(x) = yxy
−1 for
all x ∈ X, while πy denotes an endomorphism of Fn such that πy(y) = 1 and πy(x) = x for all
x ∈ X±1 \ {y±1}.
Step A. Consider the word
W1 ≡ (Ux
r
1)
sU3xr1V x
r
1U
−3(x−r1 U)
s,
where r, s are integers with s > |V |+6|U |+10, r > |V |+(2s+6)|U |+4s+8. Since φ is primitivity
preserving, the word W1 is primitive in Fn. Then by the Lemma stated in the Introduction, there
is a Whitehead automorphism ω1 of Fn such that
(3) ‖ω1(W1)‖ < |W1|.
Clearly ω1 has form (W2) , so let ω1 = ω1(S1, a).
Claim 1. ω1(x1) = x1.
Proof of Claim 1. If ω1(x1) = x1a or a
−1x1, then there are r new occurrences of a in x
r
1, hence we
have (for details of the following computation, see [2, p. 95]):
‖ω1(W1)‖ ≥ s|U |+ s(|x
r
1|+ r) + 3|U |+ (|x
r
1|+ r) + |V |+ (|x
r
1|+ r) + 3|U |
+ s(|x−r1 |+ r) + s|U | − {2|V |+ 2(2s + 6)|U |+ 2(4s + 8)}
> |W1|,
(4)
by the choice of r, contradicting (3).
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Now let ω1(x1) = a
−1x1a. Then
‖ω1(W1)‖ = ‖
(
ω1(U)a
−1xr1a
)s
ω1(U)
3a−1xr1aω1(V ) a
−1xr1aω1(U)
−3
(
a−1x−r1 aω1(U)
)s
‖.
Case (i): ω1(U) neither begins with a
−1 nor ends with a. By the choice of U , we have ‖ω1(U)‖ ≥
|U | − 1; for if ‖ω1(U)‖ < |U | − 2, then the automorphism τaω1 of Fn fixes x1 and ‖τaω1(U)‖ < |U |,
contradicting the choice of U ; besides, if ‖ω1(U)‖ = |U | − 2, then since |aω1(U)a
−1| = |U |, the
word aω1(U)a
−1 also has Whitehead automorphisms of Fn with property (2), but this contradicts
the fact that the word aω1(U)a
−1 is not cyclically reduced. Hence we have
‖
(
ω1(U)a
−1xr1a
)s
‖ ≥ |(Uxr1)
s|+ s and ‖
(
a−1x−r1 aω1(U)
)s
‖ ≥ |(x−r1 U)
s|+ s;
thus
‖ω1(W1)‖ ≥ {|(Ux
r
1)
s|+ s}+ 3|U |+ |xr1|+ |V |+ |x
r
1|+ 3|U |+ {|(x
−r
1 U)
s|+ s}
− {2|V |+ 12|U | + 20}
> |W1|,
(5)
by the choice of s, contradicting (3).
Case (ii): ω1(U) begins with a
−1 but does not end with a, say, ω1(U) ≡ a
−1U ′ (note that
U ′ cannot begin with x±11 ). By the choice of U , |U
′| ≥ |U | − 1; for if |U ′| < |U | − 1 then the
automorphism τaω1 fixes x1 and ‖τaω1(U)‖ = |U
′a−1| < |U |, contrary to the choice of U . Moreover,
if |U ′| > |U | − 1, then ‖
(
ω1(U)a
−1xr1a
)s
‖ ≥ |(Uxr1)
s|+ s and ‖
(
a−1x−r1 aω1(U)
)s
‖ ≥ |(x−r1 U)
s|+ s;
hence as in (5), we will get a contradiction to (3). So let |U ′| = |U | − 1. Then the automorphism
τaω1 of Fn fixes x1 and ‖τaω1(U)‖ = |U |. Hence by the choice of V , ‖τaω1(V )‖ ≥ |V |, i.e.,
‖aω1(V ) a
−1‖ ≥ |V |. But then, from the following observation
‖ω1(W1)‖ = ‖ω1
(
(Uxr1)
sU3xr1
)
‖+ ‖aω1(V ) a
−1‖+ ‖ω1
(
xr1U
−3(x−r1 U)
s
)
‖ − 2
≥ ‖ω1
(
(Uxr1)
sU3xr1
)
‖+ |V |+ ‖ω1
(
xr1U
−3(x−r1 U)
s
)
‖ − 2,
(6)
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we have ‖ω1(W1)‖ ≥ |W1|, contrary to (3), because
‖ω1
(
(Uxr1)
sU3xr1
)
‖ = ‖(a−1U ′a−1xr1a)
s(a−1U ′)3a−1xr1a‖
= |(Uxr1)
sU3xr1|+ (2s + 2)− {2(s − 1) + 2}
= |(Uxr1)
sU3xr1|+ 2,
‖ω1
(
xr1U
−3(x−r1 U)
s
)
‖ = ‖a−1xr1a(U
′−1a)3(a−1x−r1 aa
−1U ′)s‖
= |xr1U
−3(x−r1 U)
s|+ (2 + 2s)− (2 + 2s)
= |xr1U
−3(x−r1 U)
s|.
Case (iii): ω1(U) ends with a but does not begin with a
−1, say, ω1(U) ≡ U
′a (note that U ′
cannot end with x±11 ). The same reason as above enables us to assume |U
′| = |U | − 1. We then
have:
‖ω1
(
(Uxr1)
sU3xr1
)
‖ = ‖(U ′aa−1xr1a)
s(U ′a)3a−1xr1a‖
= |(Uxr1)
sU3xr1|+ (2s + 2)− (2s+ 2)
= |(Uxr1)
sU3xr1|;
‖ω1
(
xr1U
−3(x−r1 U)
s
)
‖ = ‖a−1xr1a(a
−1U ′
−1
)3(a−1x−r1 aU
′a)s‖
= |xr1U
−3(x−r1 U)
s|+ (2 + 2s)− {2 + 2(s − 1)}
= |xr1U
−3(x−r1 U)
s|+ 2.
Then reasoning as above, we reach a contradiction to (3).
Case (iv): ω1(U) both begins with a
−1 and ends with a, say, ω1(U) ≡ a
−1U ′a (note that U ′ is
cyclically reduced and can neither begin nor end with x±11 ). By the choice of U , |U
′| ≥ |U |. However,
if |U ′| > |U | then ‖
(
ω1(U)a
−1xr1a
)s
‖ ≥ |(Uxr1)
s| + s and ‖
(
a−1x−r1 aω1(U)
)s
‖ ≥ |(x−r1 U)
s| + s, so
as in (5), we will arrive at a contradiction to (3). So let |U ′| = |U |. Then we have:
‖ω1
(
(Uxr1)
sU3xr1
)
‖ = |a−1(U ′xr1)
sU ′
3
xr1a|
= |(Uxr1)
sU3xr1|+ 2;
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‖ω1
(
xr1U
−3(x−r1 U)
s
)
‖ = |a−1xr1U
′−3(x−r1 U
′)sa|
= |xr1U
−3(x−r1 U)
s|+ 2.
Moreover, by the choice of V , ‖aω1(V )a
−1‖ ≥ |V |. It then follows from (6) that ‖ω1(W1)‖ ≥ |W1|,
contradicting (3). This completes the proof of Claim 1. 
By Claim 1 together with the choice of U , we have ‖ω1(U)‖ ≥ |U |.
Claim 2. ‖ω1(U)‖ = |U |.
Proof of Claim 2. By way of contradiction, suppose that ‖ω1(U)‖ > |U |. If ‖
(
ω1(U)x
r
1
)s
‖ +
‖
(
x−r1 ω1(U)
)s
‖ > |(Uxr1)
s|+ |(x−r1 U)
s|+ 2s, then as in (5), we will have a contradiction to (3). In
order to avoid this contradiction, ω1(U) must have one of the forms U
′x±11 , x
±1
1 U
′ or x±11 U
′x∓11 ,
where |U ′| = |U | and U ′ neither begins nor ends with x±11 ; in any case, ‖x1ω1(V )x1‖ ≥ |V |+ 1 by
the choice of V together with the fact that there can be at most one cancellation in x1ω1(V )x1.
Now observe:
‖ω1(W1)‖ = ‖ω1
(
(Uxr1)
sU3xr1
)
‖+ ‖x1ω1(V )x1‖+ ‖ω1
(
xr1U
−3(x−r1 U)
s
)
‖ − 2
≥ ‖ω1
(
(Uxr1)
sU3xr1
)
‖+ |V |+ ‖ω1
(
xr1U
−3(x−r1 U)
s
)
‖ − 1.
(7)
Case (i): ω1(U) ≡ U
′x1 with |U
′| = |U |; then
‖ω1
(
(Uxr1)
sU3xr1
)
‖ = ‖(U ′x1x
r
1)
s(U ′x1)
3xr1‖
= |(Uxr1)
sU3xr1|+ (s + 3),
‖ω1
(
xr1U
−3(x−r1 U)
s
)
‖ = ‖xr1(x
−1
1 U
′−1)3(x−r1 U
′x1)
s‖
= |xr1U
−3(x−r1 U)
s|+ (3 + s)− {2 + 2(s − 1)}
= |xr1U
−3(x−r1 U)
s| − (s− 3),
which yields by (7) that ‖ω1(W1)‖ ≥ |W1|, contradicting (3).
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Case (ii): ω1(U) ≡ U
′x−11 with |U
′| = |U |; then
‖ω1
(
(Uxr1)
sU3xr1
)
‖ = ‖(U ′x−11 x
r
1)
s(U ′x−11 )
3xr1‖
= |(Uxr1)
sU3xr1|+ (s+ 3)− (2s+ 2)
= |(Uxr1)
sU3xr1| − (s− 1),
‖ω1
(
xr1U
−3(x−r1 U)
s
)
‖ = ‖xr1(x1U
′−1)3(x−r1 U
′x−11 )
s‖
= |xr1U
−3(x−r1 U)
s|+ (3 + s);
thus ‖ω1(W1)‖ ≥ |W1| by (7), contradicting (3) as well.
Case (iii): ω1(U) ≡ x1U
′ with |U ′| = |U |; then
‖ω1
(
(Uxr1)
sU3xr1
)
‖ = ‖(x1U
′xr1)
s(x1U
′)3xr1‖
= |(Uxr1)
sU3xr1|+ (s + 3),
‖ω1
(
xr1U
−3(x−r1 U)
s
)
‖ = ‖xr1(U
′−1x−11 )
3(x−r1 x1U
′)s‖
= |xr1U
−3(x−r1 U)
s|+ (3 + s)− 2s
= |xr1U
−3(x−r1 U)
s| − (s− 3);
hence ‖ω1(W1)‖ ≥ |W1| again by (7), contradicting (3).
Case (iv): ω1(U) ≡ x
−1
1 U
′ with |U ′| = |U |; then
‖ω1
(
(Uxr1)
sU3xr1
)
‖ = ‖(x−11 U
′xr1)
s(x−11 U
′)3xr1‖
= |(Uxr1)
sU3xr1|+ (s+ 3)− {2(s − 1) + 2}
= |(Uxr1)
sU3xr1| − (s− 3),
‖ω1
(
xr1U
−3(x−r1 U)
s
)
‖ = ‖xr1(U
′−1x1)
3(x−r1 x
−1
1 U
′)s‖
= |xr1U
−3(x−r1 U)
s|+ (3 + s)− 2
= |xr1U
−3(x−r1 U)
s|+ (s+ 1);
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thus ‖ω1(W1)‖ ≥ |W1| by (7), contrary to (3).
Case (v): ω1(U) ≡ x1U
′x−11 with |U
′| = |U |; then
‖ω1
(
(Uxr1)
sU3xr1
)
‖ = ‖(x1U
′x−11 x
r
1)
s(x1U
′x−11 )
3xr1‖
= |(Uxr1)
sU3xr1|+ (2s+ 6)− (2s + 4 + 2)
= |(Uxr1)
sU3xr1|,
‖ω1
(
xr1U
−3(x−r1 U)
s
)
‖ = ‖xr1(x1U
′−1x−11 )
3(x−r1 x1U
′x−11 )
s‖
= |xr1U
−3(x−r1 U)
s|+ (6 + 2s)− (4 + 2s)
= |xr1U
−3(x−r1 U)
s|+ 2;
hence ‖ω1(W1)‖ ≥ |W1| by (7), contradicting (3).
Case (vi): ω1(U) ≡ x
−1
1 U
′x1 with |U
′| = |U |; then
‖ω1
(
(Uxr1)
sU3xr1
)
‖ = ‖(x−11 U
′x1x
r
1)
s(x−11 U
′x1)
3xr1‖
= |(Uxr1)
sU3xr1|+ (2s + 6)− {2(s − 1) + 2 + 4}
= |(Uxr1)
sU3xr1|+ 2,
‖ω1
(
xr1U
−3(x−r1 U)
s
)
‖ = ‖xr1(x
−1
1 U
′−1x1)
3(x−r1 x
−1
1 U
′x1)
s‖
= |xr1U
−3(x−r1 U)
s|+ (6 + 2s)− {2 + 4 + 2 + 2(s− 1)}
= |xr1U
−3(x−r1 U)
s|;
thus (7) implies that ‖ω1(W1)‖ ≥ |W1|, contrary to (3).
The proof of Claim 2 is complete. 
Then by the choice of U , ω1(U) neither begins nor ends with x
±1
1 ; besides, ω1(U) has Whitehead
automorphisms with property (2), implying that ω1(U) is cyclically reduced. Also, by the choice of
V , ‖ω1(V )‖ ≥ |V |. In particular, if ω1(V ) either begins or ends with x
±1
1 , then ‖ω1(V )‖ ≥ |V |+1;
if ω1(V ) both begins and ends with x
±1
1 , then ‖ω1(V )‖ ≥ |V |+ 2.
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Now, since ‖ω1(W1)‖ < |W1|, there must be cancellations in the product x1ω1(V )x1 in order
that ‖x1ω1(V )x1‖ < |x1V x1|. This is possible only when either ω1(V ) ≡ V1x
−1
1 or ω1(V ) ≡ x
−1
1 V1,
where |V1| = |V |. Hence, as our conclusion of Step A, we have the following two possibilities:
(A1) ω1(x1) = x1, ω1(U) ≡ U1, ω1(V ) ≡ V1x
−1
1 ;
(A2) ω1(x1) = x1, ω1(U) ≡ U1, ω1(V ) ≡ x
−1
1 V1,
where |U1| = |U | and |V1| = |V |.
If (A1) occurs, then the word V U is reduced; for otherwise the last letter of ω1(V ) being x
−1
1
would force the first letter of ω1(U) to be x1. Then in the next step, consider the reduced word
W2 ≡ (U
−1x−r1 )
sU−3xr1V U
3x−r1 (Ux
−r
1 )
s,
where r, s are integers with s > |V |+ 6|U |+ 10, r > |V |+ (2s + 6)|U |+ 4s+ 8.
On the other hand, if (A2) occurs, then the word UV is reduced; then in the next step, consider
the reduced word
W ′2 ≡ (x
−r
1 U)
sx−r1 U
3V xr1U
−3(x−r1 U
−1)s,
where r, s are integers with s > |V |+ 6|U |+ 10, r > |V |+ (2s + 6)|U |+ 4s+ 8.
Step B. Suppose that (A1) occurs. We consider the word
W2 ≡ (U
−1x−r1 )
sU−3xr1V U
3x−r1 (Ux
−r
1 )
s,
where r, s are integers with s > |V |+6|U |+10, r > |V |+(2s+6)|U |+4s+8. Since φ is primitivity
preserving, the word W2 is primitive in Fn; so by the Lemma, there is a Whitehead automorphism
ω2 = ω2(S2, b) of Fn such that
(7) ‖ω2(W2)‖ < |W2|.
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Claim 3. ω2(x1) = x1.
Proof of Claim 3. For the same reason as in (4), ω2(x1) cannot be of the form x1b or b
−1x1. So let
ω2(x1) = b
−1x1b. We have
‖ω2(W2)‖ = ‖
(
ω2(U)
−1b−1x−r1 b
)s
ω2(U)
−3b−1xr1b ω2(V )ω2(U)
3b−1x−r1 b
(
ω2(U)b
−1x−r1 b
)s
‖.
Case (i): ω2(U) neither begins with b
−1 nor ends with b. Then by the same argument as with
W1 of this case, we arrive at a contradiction to (7).
Case (ii): ω2(U) begins with b
−1 but does not end with b, say, ω2(U) ≡ b
−1U ′ (U ′ cannot begin
with x±11 ). Reasoning in the same way as with W1 of this case enables us to assume |U
′| = |U | − 1.
Then ‖b ω2(V ) b
−1‖ = ‖τbω2(V )‖ ≥ |V | by the choice of V ; moreover
‖ω2
(
(U−1x−r1 )
sU−3xr1
)
‖ = ‖(U ′
−1
bb−1x−r1 b)
s(U ′
−1
b)3b−1xr1b‖
= |(U−1x−r1 )
sU−3xr1|+ (2s+ 2)− (2s + 2)
= |(U−1x−r1 )
sU−3xr1|,
‖ω2
(
U3x−r1 (Ux
−r
1 )
s
)
‖ = ‖(b−1U ′)3b−1x−r1 b(b
−1U ′b−1x−r1 b)
s‖
= |U3x−r1 (Ux
−r
1 )
s|+ (2 + 2s)− {2 + 2(s − 1)}
= |U3x−r1 (Ux
−r
1 )
s|+ 2.
It then follows from an observation similar to (6) that ‖ω2(W2)‖ ≥ |W2|, contradicting (7).
Case (iii): ω2(U) ends with b but does not begin with b
−1, say, ω2(U) ≡ U
′b (U ′ cannot
end with x±11 ). In this case as well, we may assume |U
′| = |U | − 1. Then by the choice of V ,
‖ω2(V )‖ ≥ |V | − 2. In particular, if ω2(V ) begins with b
−1, then ‖ω2(V )‖ ≥ ‖τbω2(V )‖ ≥ |V |. So
‖b ω2(V )‖ ≥ |V | − 1. Since all cancellations in ω2(W2) have the form b
±1b∓1 → 1, there can be no
cancellation in ω2(V )U
′b. In addition, we have
‖ω2
(
(U−1x−r1 )
sU−3xr1
)
‖ = ‖(b−1U ′
−1
b−1x−r1 b)
s(b−1U ′
−1
)3b−1xr1b‖
= |(U−1x−r1 )
sU−3xr1|+ (2s + 2)− {2(s − 1) + 2}
= |(U−1x−r1 )
sU−3xr1|+ 2,
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‖ω2
(
U3x−r1 (Ux
−r
1 )
s
)
‖ = ‖(U ′b)3b−1x−r1 b(U
′bb−1x−r1 b)
s‖
= |U3x−r1 (Ux
−r
1 )
s|+ (2 + 2s)− (2 + 2s)
= |U3x−r1 (Ux
−r
1 )
s|.
Therefore,
‖ω2(W2)‖ = ‖ω2
(
(U−1x−r1 )
sU−3xr1
)
‖+ ‖bω2(V )‖+ ‖ω2
(
U3x−r1 (Ux
−r
1 )
s
)
‖ − 1
≥ ‖ω2
(
(U−1x−r1 )
sU−3xr1
)
‖+ |V |+ ‖ω2
(
U3x−r1 (Ux
−r
1 )
s
)
‖ − 2
≥ |W2|,
contradicting (7).
Case (iv): ω2(U) both begins with b
−1 and ends with b, say, ω2(U) ≡ b
−1U ′b (U ′ is cyclically
reduced and can neither begin nor end with x±11 ). As with W1 of this case, we arrive at a contra-
diction to (7). This completes the proof of Claim 3. 
Now, Claim 3 together with the choice of U implies ‖ω2(U)‖ ≥ |U |.
Claim 4. ‖ω2(U)‖ = |U |.
Proof of Claim 4. By way of contradiction, suppose that ‖ω2(U)‖ > |U |. Reasoning in the same
way as with W1, ω2(U) must have one of the forms U
′x±11 , x
±1
1 U
′ or x±11 U
′x∓11 , where |U
′| = |U |
and U ′ neither begins nor ends with x±11 ; in any case, we see from the choice of V that
(8) ‖ω2(W2)‖ ≥ ‖ω2
(
(U−1x−r1 )
sU−3xr1
)
‖+ |V |+ ‖ω2
(
U3x−r1 (Ux
−r
1 )
s
)
‖ − 2.
Case (i): ω2(U) ≡ U
′x1 with |U
′| = |U |; then
‖ω2
(
(U−1x−r1 )
sU−3xr1
)
‖ = ‖(x−11 U
′−1x−r1 )
s(x−11 U
′−1)3xr1‖
= |(U−1x−r1 )
sU−3xr1|+ (s+ 3),
‖ω2
(
U3x−r1 (Ux
−r
1 )
s
)
‖ = ‖(U ′x1)
3x−r1 (U
′x1x
−r
1 )
s‖
= |U3x−r1 (Ux
−r
1 )
s|+ (3 + s)− (2 + 2s)
= |U3x−r1 (Ux
−r
1 )
s| − (s − 1).
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This yields by (8) that ‖ω2(W2)‖ ≥ |W2|, contradicting (7).
Case (ii): ω2(U) ≡ U
′x−11 with |U
′| = |U |; then
‖ω2
(
(U−1x−r1 )
sU−3xr1
)
‖ = ‖(x1U
′−1x−r1 )
s(x1U
′−1)3xr1‖
= |(U−1x−r1 )
sU−3xr1|+ (s+ 3)− {2(s − 1) + 2}
= |(U−1x−r1 )
sU−3xr1| − (s− 3),
‖ω2
(
U3x−r1 (Ux
−r
1 )
s
)
‖ = ‖(U ′x−11 )
3x−r1 (U
′x−11 x
−r
1 )
s‖
= |U3x−r1 (Ux
−r
1 )
s|+ (3 + s).
Again by (8) ‖ω2(W2)‖ ≥ |W2|, contradicting (7).
Case (iii): ω2(U) ≡ x1U
′ with |U ′| = |U |; then
‖ω2
(
(U−1x−r1 )
sU−3xr1
)
‖ = ‖(U ′
−1
x−11 x
−r
1 )
s(U ′
−1
x−11 )
3xr1‖
= |(U−1x−r1 )
sU−3xr1|+ (s + 3)− 2
= |(U−1x−r1 )
sU−3xr1|+ (s + 1),
‖ω2
(
U3x−r1 (Ux
−r
1 )
s
)
‖ = ‖(x1U
′)3x−r1 (x1U
′x−r1 )
s‖
= |U3x−r1 (Ux
−r
1 )
s|+ (3 + s)− {2 + 2(s− 1)}
= |U3x−r1 (Ux
−r
1 )
s| − (s− 3),
which yields by (8) that ‖ω2(W2)‖ ≥ |W2|, contrary to (7).
Case (iv): ω2(U) ≡ x
−1
1 U
′ with |U ′| = |U |; then
‖ω2
(
(U−1x−r1 )
sU−3xr1
)
‖ = ‖(U ′
−1
x1x
−r
1 )
s(U ′
−1
x1)
3xr1‖
= |(U−1x−r1 )
sU−3xr1|+ (s+ 3)− 2s,
= |(U−1x−r1 )
sU−3xr1| − (s− 3),
‖ω2
(
U3x−r1 (Ux
−r
1 )
s
)
‖ = ‖(x−11 U
′)3x−r1 (x
−1
1 U
′x−r1 )
s‖
= |U3x−r1 (Ux
−r
1 )
s|+ (3 + s);
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thus by (8) ‖ω2(W2)‖ ≥ |W2|, contrary to (7).
Case (v): ω2(U) ≡ x1U
′x−11 with |U
′| = |U |; then
‖ω2
(
(U−1x−r1 )
sU−3xr1
)
‖ = ‖(x1U
′−1x−11 x
−r
1 )
s(x1U
′−1x−11 )
3xr1‖
= |(U−1x−r1 )
sU−3xr1|+ (2s+ 6)− {2(s − 1) + 2 + 4 + 2}
= |(U−1x−r1 )
sU−3xr1|,
‖ω2
(
U3x−r1 (Ux
−r
1 )
s
)
‖ = ‖(x1U
′x−11 )
3x−r1 (x1U
′x−11 x
−r
1 )
s‖
= |U3x−r1 (Ux
−r
1 )
s|+ (6 + 2s)− {4 + 2 + 2(s− 1)}
= |U3x−r1 (Ux
−r
1 )
s|+ 2;
hence (8) implies that ‖ω2(W2)‖ ≥ |W2|, contrary to (7).
Case (vi): ω2(U) ≡ x
−1
1 U
′x1 with |U
′| = |U |; then
‖ω2
(
(U−1x−r1 )
sU−3xr1
)
‖ = ‖(x−11 U
′−1x1x
−r
1 )
s(x−11 U
′−1x1)
3xr1‖
= |(U−1x−r1 )
sU−3xr1|+ (2s+ 6)− (2s + 4)
= |(U−1x−r1 )
sU−3xr1|+ 2,
‖ω2
(
U3x−r1 (Ux
−r
1 )
s
)
‖ = ‖(x−11 U
′x1)
3x−r1 (x
−1
1 U
′x1x
−r
1 )
s‖
= |U3x−r1 (Ux
−r
1 )
s|+ (6 + 2s)− (4 + 2 + 2s)
= |U3x−r1 (Ux
−r
1 )
s|;
thus ‖ω2(W2)‖ ≥ |W2| by (8), contradicting (7).
The proof of Claim 4 is complete. 
Then ω2(U) is cyclically reduced and neither begins nor ends with x
±1
1 . Since ‖ω2(W2)‖ < |W2|,
there must be cancellations in the product x1ω2(V )ω2(U) in order that ‖x1ω2(V )ω2(U)‖ < |x1V U |.
Here, since ω2(U) does not begin with x
−1
1 , there is precisely one cancellation in the product
x1ω2(V )ω2(U). If the cancellation occurs in the product x1ω2(V ), then the only possibility is
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ω2(V ) ≡ x
−1
1 V2, where |V2| = |V |; on the other hand, if the cancellation occurs in the product
ω2(V )ω2(U), then the only possibility is that ω2(V ) ≡ V3a and ω2(U) ≡ a
−1U3, where |V | − 1 ≤
|V3| ≤ |V | , |U3| = |U | − 1 and a 6= x
±1
1 .
Similarly repeating Step B for W ′2 if (A2) occurs, we conclude that either ω
′
2(V ) ≡ V
′
2x
−1
1 or
ω′2(V ) ≡ b
−1V ′3 , where ‖ω
′
2(W
′
2)‖ < |W
′
2| , |V
′
2 | = |V |, |V | − 1 ≤ |V
′
3 | ≤ |V | and b is the last letter
of ω′2(U). Consequently Step B gives us the following four possibilities:
(B1) (A1), ω2(x1) = x1, ω2(U) ≡ U2, ω2(V ) ≡ x
−1
1 V2;
(B2) (A1), ω2(x1) = x1, ω2(U) ≡ a
−1U3, ω2(V ) ≡ V3a;
(B3) (A2), ω′2(x1) = x1, ω
′
2(U) ≡ U
′
2, ω
′
2(V ) ≡ V
′
2x
−1
1 ;
(B4) (A2), ω′2(x1) = x1, ω
′
2(U) ≡ U
′
3b, ω
′
2(V ) ≡ b
−1V ′3 ,
where |U2| = |U
′
2| = |U | , |V2| = |V
′
2 | = |V | , |U3| = |U
′
3| = |U | − 1 , |V | − 1 ≤ |V3|, |V
′
3 | ≤ |V | and
a, b 6= x±11 .
If (B1) occurs, then the word UV is reduced; so the word UV U is reduced, since the word V U
is already reduced by (A1). Also, if (B3) occurs, then the word V U is reduced; so the word UV U
is reduced by (A2). Hence if (B1) or (B3) occurs, then in the next step, consider the reduced word
W3 ≡ (x
r
1U)
sxr1U
3V U3x−r1 (U
−1xr1)
s,
where r, s are integers with s > |V |+ 6|U |+ 10, r > |V |+ (2s + 6)|U |+ 4s+ 8.
Step C. Suppose that either (B1) or (B3) occurs. We consider the word
W3 ≡ (x
r
1U)
sxr1U
3V U3x−r1 (U
−1xr1)
s,
where r, s are integers with s > |V | + 6|U | + 10, r > |V |+ (2s + 6)|U | + 4s + 8. The word W3 is
primitive in Fn; so by the Lemma, there is a Whitehead automorphism ω3 = ω3(S3, c) of Fn such
that
(9) ‖ω3(W3)‖ < |W3|.
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Claim 5. ω3(x1) = x1.
Proof of Claim 5. For the same reason as in (4), ω3(x1) cannot be of the form x1c or c
−1x1. Then
let ω3(x1) = c
−1x1c. We have
‖ω3(W3)‖ = ‖
(
c−1xr1c ω3(U)
)s
c−1xr1c ω3(U)
3 ω3(V )ω3(U)
3c−1x−r1 c
(
ω3(U)
−1c−1xr1c
)s
‖.
Case (i): ω3(U) neither begins with c
−1 nor ends with c; then by the same argument as with
W1 of this case, we get a contradiction to (9).
Case (ii): ω3(U) begins with c
−1 but does not end with c, say, ω3(U) ≡ c
−1U ′ (U ′ cannot begin
with x±11 ). Reasoning in the same way as with W1 of this case, we may assume |U
′| = |U | − 1.
Then by the choice of V , ‖ω3(V )‖ ≥ |V | − 2. In particular, if ω3(V ) ends with c, then ‖ω3(V )‖ ≥
‖τcω3(V )‖ ≥ |V |. So ‖ω3(V )c
−1‖ ≥ |V | − 1. Since there can be no cancellation in c−1U ′ω3(V ), we
have:
‖ω3(W3)‖ = ‖ω3
(
(xr1U)
sxr1U
3
)
‖+ ‖ω3(V )c
−1‖+ ‖ω3
(
U3x−r1 (U
−1xr1)
s
)
‖ − 1
≥ ‖ω3
(
(xr1U)
sxr1U
3
)
‖+ |V |+ ‖ω3
(
U3x−r1 (U
−1xr1)
s
)
‖ − 2.
(10)
Here, we see:
‖ω3
(
(xr1U)
sxr1U
3
)
‖ = ‖(c−1xr1cc
−1U ′)sc−1xr1c(c
−1U ′)3‖
= |(xr1U)
sxr1U
3|+ (2s + 2)− (2s+ 2)
= |(xr1U)
sxr1U
3|,
‖ω3
(
U3x−r1 (U
−1xr1)
s
)
‖ = ‖(c−1U ′)3c−1x−r1 c(U
′−1cc−1xr1c)
s‖
= |U3x−r1 (U
−1xr1)
s|+ (2 + 2s)− 2s
= |U3x−r1 (U
−1xr1)
s|+ 2,
yielding ‖ω3(W3)‖ ≥ |W3| by (10), contrary to (9).
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Case (iii): ω3(U) ends with c but does not begin with c
−1, say, ω3(U) ≡ U
′c (U ′ cannot end
with x±11 ). In this case as well, we may assume |U
′| = |U | − 1. As above, ‖c ω3(V )‖ ≥ |V | − 1 and
there can be no cancellation in ω3(V )U
′c. Moreover, we have:
‖ω3
(
(xr1U)
sxr1U
3
)
‖ = ‖(c−1xr1cU
′c)sc−1xr1c(U
′c)3‖
= |(xr1U)
sxr1U
3|+ (2s + 2)− {2(s − 1) + 2}
= |(xr1U)
sxr1U
3|+ 2,
‖ω3
(
U3x−r1 (U
−1xr1)
s
)
‖ = ‖(U ′c)3c−1x−r1 c(c
−1U ′
−1
c−1xr1c)
s‖
= |U3x−r1 (U
−1xr1)
s|+ (2 + 2s)− {2 + 2 + 2(s − 1)}
= |U3x−r1 (U
−1xr1)
s|;
so that ‖ω3(W3)‖ ≥ |W3| by an observation similar to (10), contradicting (9).
Case (iv): ω3(U) both begins with c
−1 and ends with c, say, ω3(U) ≡ c
−1U ′c (U ′ is cyclically
reduced and can neither begin nor end with x±11 ). Then as with W1 of this case, we reach a
contradiction to (9). This completes the proof of Claim 5. 
Claim 5 implies by the choice of U that ‖ω3(U)‖ ≥ |U |.
Claim 6. ‖ω3(U)‖ = |U |.
Proof of Claim 6. Suppose on the contrary that ‖ω3(U)‖ > |U |. Reasoning as with W1, ω3(U)
must have one of the forms U ′x±11 , x
±1
1 U
′ or x±11 U
′x∓11 , where |U
′| = |U | and U ′ neither begins
nor ends with x±11 ; in any case, it follows from the choice of V that
(11) ‖ω3(W3)‖ ≥ ‖ω3
(
(xr1U)
sxr1U
3
)
‖+ |V |+ ‖ω3
(
U3x−r1 (U
−1xr1)
s
)
‖ − 2.
Case (i): ω3(U) ≡ U
′x1 with |U
′| = |U |; then
‖ω3
(
(xr1U)
sxr1U
3
)
‖ = ‖(xr1U
′x1)
sxr1(U
′x1)
3‖
= |(xr1U)
sxr1U
3|+ (s + 3),
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‖ω3
(
U3x−r1 (U
−1xr1)
s
)
‖ = ‖(U ′x1)
3x−r1 (x
−1
1 U
′−1xr1)
s‖
= |U3x−r1 (U
−1xr1)
s|+ (3 + s)− {2 + 2(s − 1)}
= |U3x−r1 (U
−1xr1)
s| − (s− 3).
This yields by (11) that ‖ω3(W3)‖ ≥ |W3|, contradicting (9).
Case (ii): ω3(U) ≡ U
′x−11 with |U
′| = |U |; then
‖ω3
(
(xr1U)
sxr1U
3
)
‖ = ‖(xr1U
′x−11 )
sxr1(U
′x−11 )
3‖
= |(xr1U)
sxr1U
3|+ (s+ 3)− {2(s − 1) + 2}
= |(xr1U)
sxr1U
3| − (s− 3),
‖ω3
(
U3x−r1 (U
−1xr1)
s
)
‖ = ‖(U ′x−11 )
3x−r1 (x1U
′−1xr1)
s‖
= |U3x−r1 (U
−1xr1)
s|+ (3 + s)− 2
= |U3x−r1 (U
−1xr1)
s|+ (s+ 1);
hence ‖ω3(W3)‖ ≥ |W3| by (11), contradicting (9) as well.
Case (iii): ω3(U) ≡ x1U
′ with |U ′| = |U |; then
‖ω3
(
(xr1U)
sxr1U
3
)
‖ = ‖(xr1x1U
′)sxr1(x1U
′)3‖
= |(xr1U)
sxr1U
3|+ (s + 3),
‖ω3
(
U3x−r1 (U
−1xr1)
s
)
‖ = ‖(x1U
′)3x−r1 (U
′−1x−11 x
r
1)
s‖
= |U3x−r1 (U
−1xr1)
s|+ (3 + s)− 2s
= |U3x−r1 (U
−1xr1)
s| − (s − 3),
which implies by (11) that ‖ω3(W3)‖ ≥ |W3|, contrary to (9).
Case (iv): ω3(U) ≡ x
−1
1 U
′ with |U ′| = |U |; then
‖ω3
(
(xr1U)
sxr1U
3
)
‖ = ‖(xr1x
−1
1 U
′)sxr1(x
−1
1 U
′)3‖
= |(xr1U)
sxr1U
3|+ (s+ 3)− (2s+ 2)
= |(xr1U)
sxr1U
3| − (s− 1),
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‖ω3
(
U3x−r1 (U
−1xr1)
s
)
‖ = ‖(x−11 U
′)3x−r1 (U
′−1x1x
r
1)
s‖
= |U3x−r1 (U
−1xr1)
s|+ (3 + s);
thus by (11) ‖ω3(W3)‖ ≥ |W3|, contrary to (9).
Case (v): ω3(U) ≡ x1U
′x−11 with |U
′| = |U |; then
‖ω3
(
(xr1U)
sxr1U
3
)
‖ = ‖(xr1x1U
′x−11 )
sxr1(x1U
′x−11 )
3‖
= |(xr1U)
sxr1U
3|+ (2s + 6)− {2(s − 1) + 2 + 4}
= |(xr1U)
sxr1U
3|+ 2,
‖ω3
(
U3x−r1 (U
−1xr1)
s
)
‖ = ‖(x1U
′x−11 )
3x−r1 (x1U
′−1x−11 x
r
1)
s‖
= |U3x−r1 (U
−1xr1)
s|+ (6 + 2s)− (4 + 2 + 2s)
= |U3x−r1 (U
−1xr1)
s|;
hence by (11) ‖ω3(W3)‖ ≥ |W3|, contrary to (9).
Case (vi): ω3(U) ≡ x
−1
1 U
′x1 with |U
′| = |U |; then
‖ω3
(
(xr1U)
sxr1U
3
)
‖ = ‖(xr1x
−1
1 U
′x1)
sxr1(x
−1
1 U
′x1)
3‖
= |(xr1U)
sxr1U
3|+ (2s+ 6)− (2s + 2 + 4)
= |(xr1U)
sxr1U
3|,
‖ω3
(
U3x−r1 (U
−1xr1)
s
)
‖ = ‖(x−11 U
′x1)
3x−r1 (x
−1
1 U
′−1x1x
r
1)
s‖
= |U3x−r1 (U
−1xr1)
s|+ (6 + 2s)− {4 + 2 + 2(s − 1)}
= |U3x−r1 (U
−1xr1)
s|+ 2;
thus (11) implies that ‖ω3(W3)‖ ≥ |W3|, contradicting (9).
The proof of Claim 6 is complete. 
Then ω3(U) is cyclically reduced and neither begins nor ends with x
±1
1 . Since ‖ω3(W3)‖ < |W3|,
there must be cancellations in the product ω3(U)ω3(V )ω3(U) so that ‖ω3(U)ω3(V )ω3(U)‖ <
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|UV U |. Here, since ω3(U) is cyclically reduced, there is exactly one cancellation in the product
ω3(U)ω3(V )ω3(U). If the cancellation occurs in the product ω3(U)ω3(V ), then the only possibility
is that ω3(U) ≡ U4c and ω3(V ) ≡ c
−1V4, where |U4| = |U | − 1 , |V | − 1 ≤ |V4| ≤ |V | and
c 6= x±11 ; while if the cancellation occurs in the product ω3(V )ω3(U), then the only possibility is
that ω3(U) ≡ d
−1U ′4 and ω3(V ) ≡ V
′
4d, where |U
′
4| = |U | − 1 , |V | − 1 ≤ |V
′
4 | ≤ |V | and d 6= x
±1
1 .
Consequently, Step C provides us with the following four possibilities:
(C1) (B1), ω3(x1) = x1, ω3(U) ≡ U4c, ω3(V ) ≡ c
−1V4;
(C2) (B1), ω3(x1) = x1, ω3(U) ≡ d
−1U ′4, ω3(V ) ≡ V
′
4d;
(C3) (B3), ω3(x1) = x1, ω3(U) ≡ U4c, ω3(V ) ≡ c
−1V4;
(C4) (B3), ω3(x1) = x1, ω3(U) ≡ d
−1U ′4, ω3(V ) ≡ V
′
4d,
where |U4| = |U
′
4| = |U | − 1 , |V | − 1 ≤ |V4|, |V
′
4 | ≤ |V | and c, d 6= x
±1
1 .
Step D. Combining the results of Steps A, B and C proves the existence of a pair
(
α = α(P, x−11 ), β =
β(Q, e)
)
or
(
α′ = α′(P ′, x1), β
′ = β′(Q′, e′)
)
of Whitehead automorphisms of Fn such that
(D1) α(x1) = x1, α(U) ≡ U5, α(V ) ≡ V5x
−1
1 ,
β(x1) = x1, β(U) ≡ e
−1U6, β(V ) ≡ V6e;
(D2) α′(x1) = x1, α′(U) ≡ U
′
5, α
′(V ) ≡ x−11 V
′
5 ,
β′(x1) = x1, β′(U) ≡ U
′
6e
′, β′(V ) ≡ e′
−1
V ′6 ,
where |U5| = |U
′
5| = |U | , |V5| = |V
′
5 | = |V | , |U6| = |U
′
6| = |U | − 1 , |V | − 1 ≤ |V6|, |V
′
6 | ≤ |V | and
e, e′ 6= x±11 .
Step E. Let us write indices as follows: U7 ≡ U , V7 ≡ V , α7 = α, α
′
7 = α
′, and
U8 ≡ α7(U7) and V8 ≡ α7(V7)x1 provided (D1) occurs for U, V ;
U8 ≡ α
′
7(U7) and V8 ≡ x1α
′
7(V7) provided (D2) occurs for U, V.
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It is easy to see that the words U8 and V8 have the same properties as U and V do, respectively;
hence there exists a pair (α8, β8) or (α
′
8, β
′
8) of Whitehead automorphisms of Fn that correspond
to (D1) or (D2), respectively, relative to the words U8 and V8. Then let us put
U9 ≡ α8(U8) and V9 ≡ α8(V8)x1 provided (D1) occurs for U8, V8;
U9 ≡ α
′
8(U8) and V9 ≡ x1α
′
8(V8) provided (D2) occurs for U8, V8.
Continue this process until we get the sequences
α˜7, α˜8, . . . , α˜l and (U7, V7), (U8, V8), . . . , (Ul, Vl),
where α˜j = αj or α
′
j and l > 6+(2n)
|U |+|V |. We then notice that there is a repetition in the second
sequence, say,
(Uk1 , Vk1) = (Uk2 , Vk2)
with k1 < k2.
Put α˜(k2, k1) = α˜k2−1α˜k2−2 · · · α˜k1 ; then
(12) α˜(k2, k1)(x1) = x1, α˜(k2, k1)(Uk1) = Uk1 and α˜(k2, k1)(Vk1) = x
−m1
1 Vk1x
−m2
1 ,
where m1, m2 ≥ 0 and m1 +m2 = k2 − k1. If m1 = 0, then (12) implies that there is a Whitehead
automorphism δ1 = δ1(P1, x
−1
1 ) such that δ1(Uk1) = Uk1 and δ1(Vk1) = Vk1x
−1
1 ; if m2 = 0,
then again by (12), there is a Whitehead automorphism δ2 = δ2(P2, x1) such that δ2(Uk1) = Uk1
and δ2(Vk1) = x
−1
1 Vk1 . Now let both m1, m2 6= 0. In view of (12), there exist two Whitehead
automorphisms δ′1 = δ
′
1(P
′
1, x
−1
1 ) and δ
′
2 = δ
′
2(P
′
2, x1) such that δ
′
2δ
′
1(Uk1) = Uk1 and δ
′
2δ
′
1(Vk1) =
x−11 Vk1x
−1
1 . Here, we may assume P
′
1 ∩P
′
2 = ∅. It then follows that δ
′
1(Uk1) = Uk1 , δ
′
2(Uk1) = Uk1 ,
δ′1(Vk1) = Vk1x
−1
1 and δ
′
2(Vk1) = x
−1
1 Vk1 . Hence, if the words Uk1 and Vk1 have a pair (αk1 , βk1) of
Whitehead automorphisms of type (D1), then we may assume that αk1 is such that
αk1(x1) = x1, αk1(Uk1) = Uk1 and αk1(Vk1) = Vk1x
−1
1 ;
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if the words Uk1 and Vk1 have a pair (α
′
k1
, β′k1) of Whitehead automorphisms of type (D2), then we
may assume that α′k1 is such that
α′k1(x1) = x1, α
′
k1
(Uk1) = Uk1 and α
′
k1
(Vk1) = x
−1
1 Vk1 .
Since Φx1(U) = Φx1(Uk1) and Φx1(V ) = Φx1(Vk1), where Φx1(Y ) is the generalized Whitehead
graph of (Y, x1), we can finally assume that in (D1),
α(x1) = x1, α(U) = U and α(V ) = V x
−1
1 ,
and that in (D2),
α′(x1) = x1, α
′(U) = U and α′(V ) = x−11 V.
Consequently, Step E enables us to refine upon the result of Step D as follows: There exists a pair
(
α = α(P, x−11 ), β = β(Q, e)
)
or
(
α′ = α′(P ′, x1), β
′ = β′(Q′, e′)
)
of Whitehead automorphisms of
Fn such that
(E1) α(x1) = x1, α(U) ≡ U, α(V ) ≡ V x
−1
1 ,
β(x1) = x1, β(U) ≡ e
−1U6, β(V ) ≡ V6e;
(E2) α′(x1) = x1, α′(U) ≡ U, α′(V ) ≡ x
−1
1 V,
β′(x1) = x1, β′(U) ≡ U
′
6e
′, β′(V ) ≡ e′
−1
V ′6 ,
where |U6| = |U
′
6| = |U | − 1 , |V | − 1 ≤ |V6|, |V
′
6 | ≤ |V | and e, e
′ 6= x±11 .
Step F. Suppose that the words U and V have a pair (α, β) of Whitehead automorphisms of type
(E1) (the case (E2) is similar). Let y and z be the first and the last letter of the word U , respectively.
Recall that β = β(Q, e) with e 6= x±11 . Obviously both x1, x
−1
1 /∈ Q, because β(x1) = x1. Then let
us define
T1 = {b ∈ Q ∩ Φ(U) | there exists a path pb = b− y
−1 of length ≥ 0 in Φ(U)
that connects b with y−1 and does not pass through x±11 };
T2 = [Q∩ Φ(U)] \ T1,
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where Φ(U) is the standard Whitehead graph of U .
Consider the Whitehead automorphisms
η1 = η1(T1 ∪ {e}, e) and η2 = η2(T2 ∪ {e}, e).
If e /∈ T1, then it is not hard to see that ‖η1(U)‖ > |U |. It then follows from the observation
(13) |U | = ‖β(U)‖ = ‖η1(U)‖+ ‖η2(U)‖ − |U |
that ‖η2(U)‖ < |U |, contrary to the choice of U (note η2(x1) = x1 because x
±1
1 /∈ T2 ⊆ Q). So the
vertex e has to be inside T1, i.e.,
e ∈ T1.
Claim 7. T2 = ∅.
Proof of Claim 7. Suppose on the contrary that T2 6= ∅. Then since e ∈ T1, i.e., e /∈ T2, ‖η2(U)‖ ≥
|U |. Here, if ‖η2(U)‖ > |U |, then ‖η1(U)‖ < |U | by (13). This contradicts the choice of U . Hence
‖η2(U)‖ = |U |; this can happen only when
T2 =
⋃
f∈T2
Ce(f, U) and z /∈ T2,
where Ce(f, U) is the connected component of Φe(U) containing f .
Here, assume that Ce(f, U) 6= C(f, U) for some f ∈ T2, where C(f, U) is the connected com-
ponent of Φ(U) containing f . This is possible only when e or e−1 ∈ C(f, U). If e ∈ C(f, U),
then there exists a path rf = f − e of length ≥ 0 in Φ(U) which connects f with e. Since
x±11 /∈ Ce(f, U) ⊆ T2 ⊆ Q, the path rf does not pass through x
±1
1 . But then, since e ∈ T1, such a
vertex f must belong to T1, contrary to f ∈ T2. Hence we must have e /∈ C(f, U) and e
−1 ∈ C(f, U).
This implies that Ce(f, U) contains at least one of the adjacent vertices of e in Φ(U), say, g. Of
course g 6= x±11 , because x
±1
1 /∈ Ce(f, U) ⊆ T2 ⊆ Q. But then, by the definition of T1, we have
g ∈ T1, which contradicts g ∈ Ce(f, U) ⊆ T2. So it is proved that
Ce(f, U) = C(f, U) for all f ∈ T2.
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Now choose an arbitrary C(f, U) = Ce(f, U) which is contained in T2. Assume that there is
a vertex, say, b, in C(f, U) such that b ∈ C(f, U) but b−1 /∈ C(f, U). Then for the Whitehead
automorphism
ε = ε
(
C(f, U), b),
we have ε(x1) = x1, because x
±1
1 /∈ C(f, U) ⊆ T2 ⊆ Q. Furthermore, we see from y
−1, z /∈
C(f, U) ⊆ T2 that ‖ε(U)‖ = ‖πb(U)‖ < |U | (recall that πb removes all b
±1’s). This contradicts the
choice of U . Thus if b ∈ C(f, U), then b−1 also has to occur in C(f, U), which forces us to have
C(f, U) = Φ(U), so that e ∈ C(f, U), contrary to e /∈ Ce(f, U) = C(f, U). This completes the
proof of Claim 7. 
Now, let v be the last letter of the word V . We consider two cases.
Case I. v±1 occurs only once (at the end) in the word V .
Put V ≡ V ′tv. If v±1 /∈ Φ(U), then the Whitehead automorphism
ζ = ζ({v−1, t}, t)
fixes x1 and U , but ‖ζ(V )‖ = |V
′v| = |V | − 1. This contradicts the choice of V . So v±1 must
occur in Φ(U). Besides, it follows from β(V ) ≡ V6e that v ∈ Q; hence v ∈ Q∩Φ(U). Since T2 = ∅,
v ∈ T1. This implies that y
−1 ∈ Cx1(v, U), contrary to the existence of a Whitehead automorphism
α having the properties in (E1). Case I is complete.
Case II. v±1 occurs more than once in the word V .
Let us define
L1 = {d ∈ Q ∩ Φ(V ) | there exists a path qd = d− v of length ≥ 0 in Φ(V )
that connects d with v and does not pass through x±11 };
L2 = [Q ∩ Φ(V )] \ L1.
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If e ∈ L1, then clearly e ∈ Cx1(v, V ). Also, it follows from e ∈ T1 that y
−1 ∈ Cx1(e, U). Combining
these facts gives us a contradiction to the existence of a Whitehead automorphism α with the
properties in (E1); this contradiction enables us to have
e /∈ L1.
Recall that β(V ) ≡ V6e. We treat two subcases separately.
Case II.1. V6 6= V .
Consider the Whitehead automorphisms
ρ1 = ρ1(L1 ∪ {e}, e) and ρ2 = ρ2(L2 ∪ {e}, e).
Since e /∈ L1 and V6 6= V , we see that ‖ρ1(V )‖ ≥ |V |+ 2. It then follows from the observation
|V |+ 1 ≥ ‖β(V )‖ = ‖ρ1(V )‖+ ‖ρ2(V )‖ − |V |
that ‖ρ2(V )‖ < |V |. Here, assume that L1 ∩Φ(U) = ∅, and consider the Whitehead automorphism
σ = σ(T1 ∪ L2, e).
Since L1 ∩ Φ(U) = ∅, L1 ∩ (T1 ∪ L2) = ∅. Also since T2 = ∅, Q ∩ Φ(U) = T1 ⊆ T1 ∪ L2. Thus we
have σ(U) = β(U) and σ(V ) = ρ2(V ), so that ‖σ(U)‖ = |U | and ‖σ(V )‖ < |V |, contrary to the
choice of V (note σ(x1) = x1 because x
±1
1 /∈ T1 ∪ L2 ⊆ Q). So we must have L1 ∩ Φ(U) 6= ∅, say,
h ∈ L1 ∩ Φ(U) = L1 ∩ T1. But then we have h ∈ Cx1(v, V ) and y
−1 ∈ Cx1(h,U), contradicting the
existence of a Whitehead automorphism α having the properties in (E1). Case II.1 is complete.
Case II.2. V6 = V .
This can happen only when
(14) Q∩ Φ(V ) =
⋃
k∈Q∩Φ(V )
Ce(k, V ).
It then follows that Ce(v, V ) ⊆ Q∩ Φ(V ), because v ∈ Q ∩ Φ(V ).
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Case II.2.1. Ce(v, V ) ∩ Φ(U) 6= ∅ .
In this case, we have from Q ∩ Φ(U) = T1 that Ce(v, V ) ∩ T1 6= ∅. If Ce(v, V ) = C(v, V ), then
since x±11 /∈ Ce(v, V ) ⊆ Q, we have Ce(v, V ) = C(v, V ) = Cx1(v, V ), so that Cx1(v, V ) ∩ T1 6= ∅.
But this yields a contradiction to the existence of a Whitehead automorphism α with the properties
in (E1). Thus,
Ce(v, V ) 6= C(v, V ).
It then follows that e or e−1 ∈ C(v, V ). If e ∈ C(v, V ), then there exists a path qe = e − v of
length ≥ 0 in Φ(V ) which connects e with v. Since x±11 /∈ Ce(v, V ) ⊆ Q, the path qe does not pass
through x±11 . But then, by the definition of L1, e ∈ L1, contrary to e /∈ L1. Hence, we must have
(15) e /∈ C(v, V ) and e−1 ∈ C(v, V ).
Define
K1 = Ce(v, V ) ∩ L1 and K2 = Ce(v, V ) ∩ L2.
In order to avoid a contradiction to the properties of α in (E1), we must have K1∩T1 ⊆ L1∩T1 = ∅.
Here, consider the Whitehead automorphisms
µ1 = µ1(K1 ∪ {e}, e), µ2 = µ2(K2 ∪ {e}, e) and µ3 = µ3
(
(L1 ∪ L2 ∪ T1) \ K1, e
)
.
In view of (15) and the definition of K1, we see that ‖µ1(V )‖ ≥ |V | + 2; hence it follows from the
observation
(16) |V |+ 1 = |V e| = ‖µ1(V )‖+ ‖µ2(V )‖ − |V |
that ‖µ2(V )‖ < |V |. Since K1 ∩ T1 = ∅, we have Q ∩ Φ(U) = T1 ⊆ [(L1 ∪ L2 ∪ T1) \ K1] ⊆ Q; thus
µ3(U) = β(U). Also, in view of (14) and the definitions of K1 and K2, we can observe that µ3(V ) =
µ2(V ), contrary to the choice of V (note µ3(x1) = x1 because x
±1
1 /∈ [(L1 ∪ L2 ∪ T1) \ K1] ⊆ Q).
Case II.2.1 is complete.
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Case II.2.2. Ce(v, V ) ∩ Φ(U) = ∅ and Ce(v, V ) = C(v, V ).
Let u be the first letter of the word V . Then
u−1 /∈ C(v, V ) = Ce(v, V );
for if u−1 ∈ C(v, V ) then it would follow from x±11 /∈ C(v, V ) = Ce(v, V ) ⊆ Q that u
−1 ∈ C(v, V ) =
Cx1(v, V ), contradicting α(V ) = V x
−1
1 in (E1).
If C(v, V ) has a vertex of degree 1 that is different from v, say, w, then the Whitehead automor-
phism
ν1 = ν1({w, c}, c),
where c is the adjacent vertex of w in Φ(V ) (here c cannot be w−1), fixes x1 and U (because
w /∈ Φ(U) by the hypothesis of this case). But ‖ν1(V )‖ ≤ |V |−1 < |V |. This contradicts the choice
of V , so every vertex in C(v, V ) different from v must have degree at least 2. This means that if
k ∈ C(v, V ) then the sum of occurrences of k and k−1 in V must be at least two.
Now assume that there is a vertex, say, d, in C(v, V ) such that d ∈ C(v, V ) but d−1 /∈ C(v, V ).
Then since x±11 /∈ C(v, V ) = Ce(v, V ) ⊆ Q, for the Whitehead automorphism
ν2 = ν2
(
C(v, V ), d),
we have ν2(x1) = x1. Also since C(v, V ) ∩ Φ(U) = Ce(v, V ) ∩ Φ(U) = ∅ by the hypothesis of
this case, ν2(U) = U . Furthermore, we see that if d 6= v then ‖ν2(V )‖ = ‖πd(V )d‖ (recall that
u−1 /∈ C(v, V )); whereas if d = v then ‖ν2(V )‖ = ‖πd(V )‖. Since d
±1 occurs at least twice in V ,
‖πd(V )‖ ≤ |V |−2; hence ‖ν2(V )‖ < |V |. This contradicts the choice of V . Thus if d ∈ C(v, V ), then
d−1 also has to occur in C(v, V ). This yields that C(v, V ) = Φ(V ), contradicting u−1 /∈ C(v, V ).
This completes Case II.2.2.
Case II.2.3. Ce(v, V ) ∩ Φ(U) = ∅ and Ce(v, V ) 6= C(v, V ).
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Since Ce(v, V ) 6= C(v, V ), we have, for the same reason as in obtaining (15), that
(17) e /∈ C(v, V ) and e−1 ∈ C(v, V ).
Define
M1 = Ce(v, V ) ∩ L1 and M2 = Ce(v, V ) ∩ L2,
and consider the Whitehead automorphisms
ξ1 = ξ1(M1 ∪ {e}, e) and ξ2 = ξ2(M2 ∪ {e}, e).
By (17) and the definition of M1, we see that ‖ξ1(V )‖ ≥ |V | + 2. Then it follows from an
observation similar to (16) that ‖ξ2(V )‖ < |V |. Also, since x
±1
1 /∈ M2 ⊆ Ce(v, V ) ⊆ Q and
M2 ∩ Φ(U) ⊆ Ce(v, V ) ∩ Φ(U) = ∅ by the hypothesis of this case, we have ξ2(x1) = x1 and
ξ2(U) = U . A contradiction to the choice of V completes Case II.2.3.
The proof of the Theorem is now completed. 
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